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ON AN OBSERVATION OF SIBONY
DEBRAJ CHAKRABARTI
Abstract. It is shown that if the boundary of a Reinhardt domain in Cn contains
the origin, then the origin has a neighborhood to which each holomorphic function on
the domain which is infinitely many times differentiable up to the boundary extends
holomorphically.
For a domain Ω in Cn, let C8pΩq denote the space of those smooth functions on Ω
whose partial derivatives of all orders extend continuously to the closure Ω, and let OpΩq
be the space of holomorphic functions on Ω. In this note we prove the following result:
Theorem. Let Ω Ă Cn be a Reinhardt domain such that the origin is a boundary point
of Ω. Then there is a neighborhood of the origin such that each function in C8pΩqXOpΩq
extends holomorphically to this neighborhood.
The special case of this result when Ω is the “Hartogs Triangle” H “ t|z1| ă |z2| ă 1u Ă
C
2 was noted by Sibony in [11, p. 220], where the neighborhood of the origin to which
functions extend is the bidisc. Sibony’s result constitutes a refinement of the classical fact
that the Nebenhu¨lle of the Hartogs triangle is the bidisc (see [1]), i.e. the bidisc is the
largest open set contained in each Stein neighborhood of the closure H. Consequently,
each function holomorphic in a neighborhood of H extends to the bidisc. As is well-
known, it is possible for a smoothly bounded pseudoconvex domain to have nontrivial
Nebenhu¨lle (see [4]). On the other hand, each smoothly bounded pseudoconvex domain
Ω is a C8-domain of holomorphy, i.e. Ω admits a function in C8pΩq X OpΩq which does
not extend holomorphically past any boundary point (see [2, 7]). Therefore, the Hartogs
triangle, which is not a C8-domain of holomorphy, displays a behavior which is specific
to non-smooth domains. The problem of geometrically characterizing the Reinhardt C8-
domains of holomorphy among the Reinhardt domains of holomorphy was solved in [8,
Proposition 6] (see also [9, Section 3.5]). The result of [8] implies that a Reinhardt domain
of holomorphy with the origin on the boundary is not a C8-domain of holomorphy, a fact
which also follows from our theorem. However, our result not only identifies certain
Reinhardt domains Ω (whether or not domains of holomorphy) as not being C8-domains
of holomorphy, but also gives a simple and concrete holomorphic extension of each function
in C8pΩq X OpΩq to an explicit fixed larger domain containing the origin (see corollary
below after the proof of the theorem).
Of course, for a domain Ω, the existence of a Nebenhu¨lle or a C8-envelope of holomorphy
(smallest open set to which all functions in C8pΩq X OpΩq extend holomorphically) is
most interesting when Ω is pseudoconvex, i.e., when there is no point outside Ω to which
each function holomorphic on Ω extends. Using our theorem, it is easy to give examples
of (nonsmooth) pseudoconvex domains with nontrivial C8-envelopes analogous to the
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Hartogs triangle: if α “ pα1, . . . , αnq P Z
n is a multi-index such that α R Nn and ´α R Nn,
then let
Hpαq “ tz P Dn| |zα| ă 1u,
where Dn is the unit polydisc. From the theorem, Hpαq has a nontrivial C8-envelope of
holomorphy, and noting the convexity of the image of the map z ÞÑ plog |z1| , . . . , log |zn|q
we see that Hpαq is pseudoconvex (see [10, Section 3.8]). For n “ 2, these domains
are precisely the “fat” and “thin” generalized Hartogs triangles of rational exponent,
which have been studied extensively recently (see [3, 5, 6]) and shown to have unexpected
properties as far as the Lp regularity of the Bergman projection is concerned.
Proof. We will use the usual multi-index notation in dealing with functions of several
variables. Also, we will assume that Ω is bounded. This is no loss of generality, since
we can always replace Ω by its intersection with a polydisc and prove the result for this
bounded domain.
Let f P C8pΩq X OpΩq. Since f is holomorphic on the Reinhardt domain Ω, there is a
Laurent expansion
fpzq “
ÿ
αPZn
cαz
α (1)
which is uniformly and absolutely convergent on compact subsets of Ω (see, e.g., [10]).
Let Z “ tw P Cn|wj “ 0 for some ju. The coefficients cα P C are represented by the
well-known Cauchy formula: if w P ΩzZ, we have the n-fold repeated line-integral repre-
sentation
cα “
1
p2piiqn
ż
|z1|“|w1|
¨ ¨ ¨
ż
|zn|“|wn|
fpzq
zα
¨
dzn
zn
¨ ¨ ¨
dz1
z1
.
Parametrize the contours by zj “ wje
iθj , where 0 ď θj ď 2pi. Notice that then we have
dzj “ wj ¨ ie
iθjdθj “ izjdθj,
so that
cα “
1
p2piiqn
ż
2pi
θ1“0
¨ ¨ ¨
ż
2pi
θn“0
fpw1e
iθ1 , . . . , wne
iθnq
wα exp pipα1θ1 ` ¨ ¨ ¨ ` αnθnqq
pidθnq . . . pidθ1q.
Therefore, using an obvious “vector-like” notation, we have for each w P ΩzZ that
cαw
α “
1
p2piqn
ż
2pi
θ1“0
¨ ¨ ¨
ż
2pi
θn“0
fpw ¨ eiθq
exp pixα, θyq
dθn . . . dθ1.
Write the multi-index α “ β ´ γ, where βj “ maxpαj , 0q and γj “ maxp´αj , 0q. Then
β, γ P Nn and we can rewrite
cβ´γ ¨
wβ
wγ
“
1
p2piqn
ż
2pi
θ1“0
¨ ¨ ¨
ż
2pi
θn“0
fpw ¨ eiθq
exp pixβ ´ γ, θyq
dθn . . . dθ1.
Apply the differential operator
`
B
Bw
˘β
to both sides, which gives us
cβ´γ ¨ β!
wγ
“
1
p2piqn
ż
2pi
θ1“0
¨ ¨ ¨
ż
2pi
θn“0
exp pixγ, θyq
Bβf
Bwβ
pw ¨ eiθq dθn . . . dθ1.
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Taking absolute values, and doing a simple sup norm estimate, we see thatˇˇˇ
ˇcβ´γ ¨ β!wγ
ˇˇˇ
ˇ “
ˇˇˇ
ˇ 1p2piqn
ż
2pi
θ1“0
¨ ¨ ¨
ż
2pi
θn“0
exp pixγ, θyq
Bβf
Bwβ
pw ¨ eiθq dθn . . . dθ1
ˇˇˇ
ˇ
ď
›››› BβfBwβ
››››
8
ă 8,
where the finiteness of the sup norm of the derivative follows since f P C8pΩq and Ω is
assumed to be bounded. Therefore the function on ΩzZ given by w ÞÑ cαw
´γ is bounded
and therefore extends holomorphically across the analytic set Z to the function given by
the same formula on Ω, and the extended function admits the same bound. Since the
origin is a boundary point of Ω, this means that if γ ­“ 0, then cα “ 0, so that the Laurent
series in (1) reduces to a Taylor series ÿ
αPNn
cαz
α (2)
i.e. there are no terms with negative powers of the coordinates, and represents the function
f on Ω. Let w P Ω so that the series (2) converges when z “ w. It follows from Abel’s
lemma ([10, Lemma 1.15]) that the series (2) actually converges in the polydisc Pw “ tz P
C
n| |z1| ă |w1| , . . . , |zn| ă |wn|u. Therefore, (2) converges on the open set Ω Y Pw to a
holomorphic function rf , and rf |Ω “ f . The proof is complete, since Pw does not depend
in any way on the choice of the function f . 
Recall that Reinhardt domain in Cn is log-convex if its image in Rn under the map z ÞÑ
plog |z1| , . . . , log |zn|q is convex. An examination of the proof above shows the following
more precise version of the theorem actually holds.
Corollary. Let Ω be as in the theorem above. Then each function in C8pΩqXOpΩq extends
holomorphically to the the smallest complete log-convex Reinhardt domain containing the
domain Ω.
Proof. The last part of the proof of the theorem shows that each function in C8pΩqXOpΩq
extends holomorphically to the open set
rΩ “ ď
wPΩ
Pw “
ď
wPΩ
tz P Cn| |z1| ă |w1| , . . . , |zn| ă |wn|u ,
which is the smallest complete Reinhardt domain containing the domain Ω, and on rΩ the
Taylor series representation (2) holds. By a well-known classical result (see [10, Chapter
2, Theorem 3.28]), the series (2) in fact converges in the smallest log-convex complete
Reinhardt domain containing rΩ, thus defining a holomorphic extension. The corollary
follows. 
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